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Abstract
The 6 × 6 spatial compliance matrix for a helical spring is computed. The
method used is to find the compliance of infinitesimal elements along the length
of the spring. Then integration is used to sum the compliances and produce the
total compliance of the spring. A key point in the method is that the compli-
ance matrix for each element must be expressed in a common coordinate frame.
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The results produced are significantly different from the those given in elemen-
tary texts. However, it is shown how these results can be recovered by making the
standard “closely coiled” approximation. Next, the principal wrenches and eigen-
compliances of the spring are studied, both for the closely coiled spring and for the
case where these assumptions are not made. Finally some numerical examples are
given.
Keywords Coiled springs, Spatial Compliance, Principal Stiffnesses.
1 Introduction
In robotics and mechanism theory it is common to consider the compliance or stiffness
properties of the system. Although for accurate work there exists a wealth of finite
element computer packages which can determine the behaviour of compliant elements,
it is still important to consider the first order properties determined by the compliance
matrix. For many robots and mechanisms traditionally stiff materials such as steel are
used; and designs deliberately try to maximize stiffness and eliminate vibrations. In
such cases an understanding of the behaviour for small deflections is normally suffi-
cient.
Historically Ball [1] was probably the first to study the stiffness matrix of a system.
Using screw theory, he defined six principal screw which are the solution to a simple
eigenvalue problem. In the 1920s Richard von Mises [2], looked again at the problem.
Von Mises was able to describe a system of 15 invariants of the stiffness matrix.
In robotics, Josip Loncˇaric´ [3] looked again at these problems in the late 1980s. He
described a normal form for the stiffness matrix. That is, almost all spatial stiffness
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matrices can be transformed into a fairly simple shape by applying a suitable rigid
transformation.
More recently, Patterson and Lipkin [4, 5] introduced the idea of force-compliant
and torque-compliant axes. These were derived from ideas studied by Dimentberg [6]
in the 1960s. Further, Patterson and Lipkin, made important contributions to the case
where the stiffness matrix determines a stable equilibrium configuration of the rigid
body it is supporting.
In some applications designers attempt to synthesize structures with given com-
pliance properties. These desired properties are invariably specified using a stiffness
or compliance matrix for the system. A particular example here is the remote-centre-
compliance wrist, often used in robotics. Roberts [7] and Huang and Schimmels [8]
have studied the problem of synthesizing given stiffness matrices using parallel ar-
rangements of simple springs.
It is also common in robotics to attempt to simulate compliance in software. For
example if it is required that the robot’s end-effector should follow a path on a surface
then some sort of impedance control can be used to manage the contact force between
the robot and its environment.
Ideas here are relevant to the study of compliant grasps. In this context Lin, Burdick
and Rimon [9] attempted to define a quality measure for a compliant grasp. This was
based on the stiffness matrix of the system and some simple geometric properties of
the grasped object. Another approach in this area was given by Bruyninckx, Demy and
Kumar [10], here the stiffness matrix of the system was combined with an arbitrary
inertia matrix to produce invariants.
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All of these applications involve only first order compliance properties again and
hence give another argument for understanding the structure of the general compliance
matrix.
Helical or coiled springs are basic mechanical components, and hence it is impor-
tant to understand their compliance properties. Most introductory courses and texts
give formulas for the stiffness of these elements. The formulas are used by designers
at least for ‘rule-of-thumb’ computations. The derivation of these formulas is based
on Euler-Bernoulli beam theory, which is known to fail for large deflections and ex-
otic material. However, the theory has been verified and used successfully for many
applications where small deflections and standard materials dominate.
The textbook examples make further assumptions to simplify the calculations. This
is the ‘closely coiled’ approximation which assumes that the diameter of the helical
spring is much greater than its pitch. In this work, this assumption is not made and so
springs of arbitrary pitch and diameter can be considered. Standard texts only give the
extensional and torsional stiffness of such a spring, but here the full 6× 6 compliance
matrix is found. As might be expected the matrix elements depend on the pitch of the
spring and hence there are differences between left and right-handed springs. It should
be emphasized that the other, standard assumptions, of elementary beam theory still
apply. So it may be expected that the results presented here apply to small deflections
in standard engineering materials such as steel.
In the research literature the main emphasis seems to be on vibrational proper-
ties of helical springs. However, the static displacement properties of these springs
is often treated as a preliminary case. In particular Wittrick [11] derives formulas for
4
the compliance of helical springs, but only axial torsion and tension are considered.
These formula are almost identical to those derived below. In more modern work, for
example [12], Wittrick’s partial differential equations for bending of helical springs
are analyised. These equations are also used in studies of buckling of helical springs,
see [13] for example. Modeling the deflection of the spring using partial differential
equations could be seen as a local model as opposed to the global (or lumped) model
presented here. The geometrical approach used in this work can be extended fairly
easily to give a local model of deformation and to include more general constitutive
relations between stress and strain, we hope to address this elsewhere.
In essence the method used here is to model the spring as a sequence of infinites-
imal straight segments. By knowing the compliance of the infinitesimal elements the
compliance for the entire spring can be found by integrating along the helix. Of course
in real springs one would have to take account of the geometry of the ends of the spring
but here a theoretical result applicable to any length of spring is sought. The method is
clearly applicable to more general shapes of beams, in such cases however, the integrals
may not be so straightforward.
A key point is that the compliance matrices for the elements must be found in a
common coordinate frame. Hence, rigid transformations will be used to transform
from frames local to the elements to a global frame. Fortunately, the helix is generated
by a one-parameter subgroup of SE(3) which simplifies the computations. This gives
a very straightforward derivation for the compliance of the spring, although the matrix
manipulations required are rather extensive. The computation is easily accomplished
using a symbolic algebra package such as Mathematica or Maple.
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In the final sections of this work the spring is treated as a general spatial compliance
element. The principal wrenches and eigen-compliances are studied. Some numerical
results are given to show how these vary with the design parameters of the spring.
1.1 Rigid Body Motions
The main assumption of Euler-Bernoulli beam theory is that as the beam deforms, the
shape of cross sections do not change. Hence, if a coordinate frame is aligned with the
cross section and the axis of the beam, the deformation of the beam can be specified by
a rigid transformation of the frame. Hence it is important to know how things transform
under rigid motions and rigid changes of coordinates.
A twist is a infinitesimal displacement, an element of the Lie algebra of SE(3). In a
Cartesian coordinate frame we can partition twists into an angular displacement ω, and
a linear displacement v. So the full six-dimensional twist is given by sT = (ωT , vT ).
These vectors will also be called screws here. The two 3-vector parts of the screw have
different units, in the SI system the angular displacement will be measured in radians
and linear displacement will be given in meters. This should not cause any problems
as all the operations that will be performed on screws will respect the units.
The displacement of a point r on the body can be written as dr = v + r × ω.
Alternatively, one could think of a screw as representing the velocity of the rigid body:
a combination of the angular velocity and linear velocity of the body.
To each screw one may associate a line in space, the screw axis, and a scalar called
the pitch of the screw. A line in space is specified by its direction ω and its moment
r × ω, where r is any point on the line. These are essentially the Plu¨cker coordinates
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of the line. The translational part of the screw v can be split into a part perpendicular
to ω and a part parallel to ω,
v = r× ω + pω (1)
The line, lT =
(
ωT , (r×ω)T ) is called the axis of the screw and the scalar p is called
the pitch of the screw. The pitch is given by the quantity p = ω · v/ω · ω so long as
ω 6= 0. When ω = 0, the screw represents a pure translation and the pitch is said to be
infinite. Zero pitch corresponds to pure rotations and positive pitch screws are said to
be right handed while negative pitch screws are left handed. The SI units for the pitch
are of course, meters.
Now an active transformation will move the screw according to the relation,
s′ = Hs =
 R 0
TR R
ω
v
 (2)
where R is the rotation matrix of the transformation and T is the anti-symmetric matrix
representing the translation, (Tx = t × x). The transformation matrix H here is an
element of the adjoint representation of the group SE(3). To preserve the dimensions
of the screws it is clear that the elements of the rotation matrixR must be dimensionless
while the elements of the translation matrix T must have dimensions of length, meters
in SI units.
Now the corresponding passive transformation, that is a change of coordinates by
the same rotation and translation is given by the inverse of the active transformation
matrix H ,
s = H−1s =
 RT 0
−RTT RT
ω
v
 (3)
A wrench is also a six-dimensional vector, but this time an element of the dual to
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the Lie algebra. In the same coordinate system, we can partition the wrenches into
force and moment vectors, WT = (τT , FT ). The vector F is the force and τ is the
moment acting on the rigid body. The units for wrenches are again partitioned, (Nm)
for the torque components and (N) for the force components in the SI system.
The generalized momentum of a rigid body, consisting of the linear and angular
momentum also form an element of the dual to the Lie algebra. The key difference
between Lie algebra elements and elements of the dual space is their transformation
properties.
The pairing of a wrench and a screw WT s, gives a quantity proportional to the
energy or power , depending whether the screw represents a displacement or a veloc-
ity. Now these quantities are scalars (with SI units J and W respectively), that is they
are invariant with respect to rigid transformations. To ensure that the combination is
invariant, wrenches must transform under the inverse transpose representation of H for
an active transformation and the transpose of H for a coordinate change,
W ′ = H−TW =
R TR
0 R
 τ
F
 , W = HTW =
RT −RTT
0 RT
 τ
F

(4)
The inverse transpose of H is an element of the co-adjoint representation of SE(3).
Wrenches also have axes and pitches, this time the pitch of a wrench WT =
(τT ,FT ) is given by, p = F · τ/F · F, and the axis of the wrench is the line with
direction, F and moment (τ − pF).
More details on the group SE(3) and its applications to robotics and mechanism
theory can be found in [14] for example. In the following section we briefly look
at stiffness and compliance matrices, this material may be well known but it is the
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transformation properties of these matrices that we want to emphasizes.
2 Stiffness and Compliance Matrices
The general setting is as follows. Consider a rigid body subject to a potential field.
This potential may have any cause, electrical, magnetic, gravitational and so forth, but
here of course, the idea is that it is due to a coiled spring.
2.1 Stiffness Matrices
The potential function is a function on the group of rigid body motions SE(3), as the
body translates or rotates the potential changes in general. The force and moment can
be combined into a wrench as in the previous section. The wrench on the body due to
the potential is given by the gradient of the potential as usual,
W = −dΦ (5)
This implies that wrenches are cotangent vectors, d is the exterior derivative here. In
fact, since the configuration manifold of a rigid body is a Lie group, we can think of
wrenches as elements of the dual to the Lie algebra.
At an equilibrium configuration, whereW = 0, the Hessian of the potential energy
defines a symmetric tensor. This is the stiffness matrix, K. The stiffness matrix will be
a 6× 6 symmetric matrix. In particular cases where the potential is given explicitly the
stiffness matrix can be derived directly from the potential by differentiating, see [15]
for example.
The stiffness matrix maps twists to wrenches. Let sT = (ωT , vT ) be a twist or
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screw, that is an element of the Lie algebra of SE(3). To produce a small displacement
sT = (ωT , vT ), the wrench that must be applied is given by, τ
F
 = K
ω
v
 (6)
Alternatively, this formula can be interpreted as giving the displacement produced by
a specified wrench. This is, of course a general form of Hooke’s law.
From the above formula the transformation properties of the stiffness matrix can
be inferred. Suppose that the rigid body and the displacement screw undergo a rigid
transformation. In these circumstances it should be expected that the wrench produced
will be the same as before but transformed by the same group element, that is,
H−TW = K ′Hs (7)
From this it is easily seen that K ′ = H−TKH−1 for an active transformation. In
a similar fashion it can be seen that under a rigid change of coordinates the stiffness
matrix will transform according to, K = HTKH .
The units of the stiffness matrix are partitioned like the screws and wrenches. In
the SI system the top left-hand 3× 3 block will have units Nm, whilst the top right and
bottom left-hand blocks will have units N. Finally the bottom right-hand 3 × 3 block
will have units Nm−1. With these choices the units for the screws and wrenches as
given by the ‘Hooke’s law’ formula above will be correct.
2.2 Compliance Matrices
The compliance matrix of the system is defined as the inverse of the stiffness matrix,
C = K−1. Clearly if the stiffness matrix is singular this definition will fail. However,
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in most practical cases K is positive definite and hence non-singular. The displacement
of the body and the wrench acting on it are now related by the formula,
CW = s (8)
This of course defines the units for the elements of the compliance matrix. As with the
stiffness matrix each 3×3 block will have its own units, N−1m−1 for the top left block,
N−1 for the top right and bottom left blocks and N−1m for the bottom right block.
For a serial device composed of compliant elements connected in series, such as a
robot or a beam, the compliance matrices for the elements add to give the compliance
matrix for the whole device. To see why this is so consider a beam or a robot composed
of many elements or links connected in series. The i-th element will experience a
wrench W due to the action of the i+ 1-th element, the next element along the beam.
For equilibrium, this element must also experience a wrench −W due to the i − 1-th
element. Hence by Newton’s third law, the wrench acting on element i − 1 due to
element i will be W . So all the elements along the beam experience the same wrench
W which is the same as the wrench acting on the tip of the beam. Now the displacement
of the i-th link can be written as CiW = (si− si−1), where si− si−1 gives the relative
displacement of the two ends of the element. Supposing the beam is composed of
n elements then by adding these relations along the beam, it is easy to see that total
relative displacement of the entire beam can be written as,(
n∑
i=1
Ci
)
W = (sn − s0) (9)
Hence, the compliance matrix for the whole beam is given by the sum,
C =
n∑
i=1
Ci (10)
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In beam problems a compliance density c(µ) can be introduced. Here µ is the length
along the beam and an element of length ∆µ will have a compliance matrix, Ci =
C(µ)∆µ. Proceeding to the limit ∆µ→ 0, the compliance matrix for a beam of length
l will be given by the integral,
C =
∫ l
0
c(µ) dµ (11)
It should be noted that both the summation and the integral require that the compliances
are given in a common coordinate frame.
Finally here the transformation properties of a compliance matrix are given. This is
straightforward due to the relationship with the stiffness matrix. Under an active rigid
transformation the compliance matrix becomes, C ′ = HCHT . A passive rigid change
of coordinates changes the compliance matrix according to, C = H−1CH−T .
2.3 Principal Stiffnesses
In [1], the idea of principal screws and their eigenstiffnesses was introduced. In essence,
the principal screws are the eigenvectors s, of the generalized eigenvalue problem,
Ks = λQ0s (12)
The characteristic values λ, are called the eigenstiffnesses of the stiffness matrix K.
The 6 × 6 matrix Q0 has the partitioned form, Q0 =
 0 I3
I3 0
 where I3 is the
3× 3 identity matrix. Note that, since Ks is a wrench, the simple eigenvalue equation,
Ks = λs without the Q0 matrix, is not coordinate invariant. The solutions of this
problem would be different in different coordinate systems. The matrix Q0 converts
the screw s to a wrench, moreover this matrix satisfies HTQ0H = Q0 for any proper
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rigid transformation H . Hence the eigenstiffnesses defined above will be the same in
any coordinate system.
The physical significance of the principal screws is as follows. Suppose the end
of the spring is subject to a small displacement determined by a screw s. Such a dis-
placement will, in general, consist of a small rotation about some axis together with
a small translation along the same axis. Now according to Hook’s law W = Ks, the
small displacement will give rise to a wrench. In general, a wrench consists of a torque
about some axis together with a force in the direction of the axis. Now for general
displacements the axis of the screw and the axis of the wrench will be different. For
principle screws these axes will coincide. Moreover, the pitch of the principle screw
p = ω ·v/ω ·ω will be the same as the pitch of the wrench it generates p = F ·τ/F ·F.
The corresponding eigenstiffness is a constant of proportionallity. In terms of design
the principle screws are perhaps not that useful, general screw motions are rarely re-
quired. It was in part for this reason that Patterson and Lipkin introduced the idea of
force-compliant and torque-compliant axes in [4]. These are axes where a pure trans-
lation produces a pure force in the same direction for example. However, only rather
special stiffness matrices have such axes.
It is not difficult to show that the stiffness matrix is completely specified by its
set of (in general) six principal screws and their corresponding eigenstiffnesses. The
eigenstiffnesses are not all necessarily real, unlike the standards case of eigenvalues of
a symmetric matrix. However, if K is positive definite, the eigenstiffnesses are all real
and moreover three will be positive and three negative. For more details see [16].
For compliance matrices there is a dual theory, consider the generalized eigenvalue
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equation,
CW = λQ0W (13)
The solutions W will be referred to as principal wrenches of the system and the gen-
eralized eigenvalues λ will be called eigen-compliances. The matrix Q0 has be used
to convert a wrench to a screw, perhaps a different notation should have been used
for this since although the matrix entries are the same as above, their units will be
different, however no confusion should arise. Note that, H−1Q0H−T = Q0 for any
proper rigid motion H so the eigen-compliances are also invariant with respect to co-
ordinate changes. The physical interpretaion of the principle wrenches is the same as
for the principle screws, except that perhaps we would think of the wrench causing the
displacement in this case.
Given an invertible stiffness matrix K the principal screws and principal wrenches
are simply related. Suppose s is a principal screw of K with corresponding eigenstiff-
ness λ, so that,
Ks = λQ0s (14)
Now the compliance matrix for the system is given by the inverse of K as usual, C =
K−1, so if the above equation is pre-multiplied by C the result is,
s = λCQ0s (15)
Since Q0Q0 = I6 the 6× 6 identity matrix, this relation can be rewritten as,
CQ0s =
1
λ
Q0Q0s (16)
Hence, the eigen-compliance is the reciprocal of the eigenstiffness and the principal
wrench corresponding to the principal screw s is given by W = Q0s.
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The familiar orthogonality properties of eigenvectors of a symmetric matrix have
analogues here. A pair of principal wrenchesWi andWj , with different eigen-compliances
will satisfy the relations,
WTi CWj = 0 and WTi Q0Wj = 0. (17)
Wrenches satisfying the second relation here are said to be reciprocal.
2.4 Small Elements in Beams
Consider an arbitrarily shaped slender beam. The beam can be split into short straight
elements. In equilibrium, when the wrench at the end of the beam is W the wrench
acting on each element of the beam will also beW , or more precisely a pair of wrenches
±W .
The effect of this stress on the bar is to cause small deflections of the ends of the
elements. These small deflections will be measured by screws s1 and s2. The relation
between the wrench and the small deformation will be given by Hooke’s law,
CW = (s2 − s1) (18)
where C is the compliance matrix of the element.
It must be emphasized here that the coordinate frame used here for simplicity is
centred at the middle of the beam element, the x-axis is directed along the length of the
beam and the y and z-axes are perpendicular to length of the beam, see figure 1.It is
also convenient to assume that the y and z-axes are aligned with the principal bending
directions of the beam.
15
Von Mises [2] showed that the compliance matrix of a straight beam of length l, is
given by the diagonal matrix,
C =

l
GJ 0 0 0 0 0
0 lEIz 0 0 0 0
0 0 lEIy 0 0 0
0 0 0 lEA 0 0
0 0 0 0 l
3
12EIz
0
0 0 0 0 0 l
3
12EIy

(19)
The symbols used have their usual meaning E is Young’s modulus, G the shear modu-
lus of the material, A is the cross-sectional area of the beam and the Is and J are the
relevant area integrals. If the length of the beam l is small we can divide by l and then
take the limit as l tends to zero to find the compliance density matrix of the beam,
c0 =

1
GJ 0 0 0 0 0
0 1EIz 0 0 0 0
0 0 1EIy 0 0 0
0 0 0 1EA 0 0
0 0 0 0 0 0
0 0 0 0 0 0

(20)
This is the compliance density for the element. That is, the compliance matrix for the
element is C = c0∆µ.
The usual interpretation of the zeros in the 5th and 6th places here is that such a
beam is ‘unshearable’. Although the beam is infinitesimally unshearable these entries
are non-zero for a beam of finite length.
This result may be interpreted as follows, Suppose a force Fx is applied along
16
the x-axis of the beam. If the length of the element is ∆µ and the magnitude of the
deflection is ∆x, then from elementary mechanics we have,
Fx
1
EA
=
∆x
∆µ
(21)
where E is Young’s modulus and A is the cross-sectional area of the beam. The other
matrix entries have similar interpretations. For example, consider a simple torsion
about the length of the beam. If the torque about the x-axis is τx and the corresponding
angular deflection of the beam is ∆φx then,
τx
1
GJ
=
∆φx
∆µ
(22)
where G is the shear modulus and J is the polar inertia of the beam.
For pure bending, if a bending moment τy is applied about the y-axis, the result is
an angular deflection φy ,
τy
1
EIz
=
∆φy
∆µ
(23)
where Iz is the second moment of area for the beam, see figure 1.Clearly a similar
result applies to bending about the z-axis.
Finally, for forces in the y or z directions, to first order, there will be negligible
deflection at the ends of the bar. It must be remembered that these are pure forces, that
is, without any bending moment, so the forces must pass through the centre of the bar.
This of course is another interpretation of the infinitesimally unshearable assumption.
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Putting all this together we get the equation,
c0

τx
τy
τz
Fx
Fy
Fz

=
1
∆µ

∆φx
∆φy
∆φz
∆x
∆y
∆z

. (24)
3 The Helical Spring
The helical or coiled spring can be thought of as a simple beam where the unbent shape
of the beam is given by a helix. More precisely, the shape of the spring is given by a
small element swept along by a simple screw motion. Hence, the compliance matrix
for the spring can be found by integrating the compliance densities for the elements
along the length of the spring, see figure 2.This implies that there is no super-coiling,
that is the cross-section does not turn about its centre as it sweeps along the helix.
3.1 Small Elements along the Spring
To build up the spring from small elements we begin with an element crossing the y-
axis. This is then swept around a helix using the screw motion, a pitch p helix about
the z-axis.
In terms of an angular parameter θ the length of the element is given by,
dµ =
√
r2 + p2/4pi2 dθ (25)
here r is the radius of the helix, that is the distance of the initial element from the origin.
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In the following it will be convenient to abbreviate this, so that γ =
√
r2 + p2/4pi2
and thus dµ = γ dθ.
Now we must find the compliance matrix of the initial element. In general the
compliance matrix, or rather the compliance density, will be given by the coordinate
transformation,
c = H−1c0H−T (26)
we have two coordinate systems here, one centred in the middle of the spring, the other
centred in the small beam element, see figure 2.Now c0 is the density matrix for the
element expressed in the dashed coordinate frame, figure 2again. The form of c0 was
given in section 2.4 above,(but the coordinates were not dashed there).
The matrix H in the transformation above, is the active transformation which
moves the dashed coordinate frame into coincidence with the undashed frame. Rather
than find H and then invert, it is simpler to find H−1 directly. The transformation H−1
is again a rigid transformation, it gives the active transformation from which moves the
undashed frame to the dashed one. Since it is a rigid transformation we can partition it
into rotation and translation matrices in the usual way,
H−1 =
 R 0
TR R
 (27)
where the rotation matrix is about the y axis and the translation is also along the y-axis,
R =

−r/γ 0 −p/2piγ
0 1 0
p/2piγ 0 −r/γ
 T =

0 0 r
0 0 0
−r 0 0
 (28)
From here is is straightforward but rather tedious to compute the compliance den-
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sity c = H−1c0H−T ,
c =

x11 0 x13 rx13 0 −rx11
0 x22 0 0 0 0
x13 0 x33 rx33 0 −rx13
rx13 0 rx33 rx33 + 4pi2r2u 0 −r2x13 − 2pipru
0 0 0 0 0 0
−rx11 0 −rx13 −r2x13 − 2pipru 0 r2x11 + p2u

(29)
where,
x11 =
r2
γ2GJ
+
p2
(2piγ)2EIy
(30)
x13 =
pr
2piγ2EIy
− pr
2piγ2GJ
(31)
x22 =
1
EIz
(32)
x33 =
r2
γ2EIy
+
p2
(2piγ)2GJ
(33)
u =
1
(2piγ)2EA
(34)
The next step is to sweep this around the helix and integrate. The screw motion that
generates the helix has the form, H−1(θ) =
 R 0
TR R
 with the rotation about the
z-axis,
R =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1
 , and T =

0 − pθ2pi 0
pθ
2pi 0 0
0 0 0
 (35)
for the translation in the z-direction. The computation is straightforward but rather
unwieldy. The results are given in the appendix.
In the following few sections some classical results are studied.
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3.2 Torsional and Extensional Stiffness
Two classical results for the helical spring are often quoted in text books, the torsional
stiffness and the extensional stiffness.
From the above it can be seen that the entry in row 3 column 3 of c is unaffected
by the screw motion, hence we can integrate it directly to get the corresponding entry
in the compliance matrix for the entire spring. Assuming the limits of integration are
θ = −φ/2 to +φ/2 and integrating with respect to dµ = γ dθ the result
C33 =
∫ φ/2
−φ/2
c33γ dθ =
r2φ
γEIy
+
p2φ
4pi2γGJ
(36)
is obtained. This corresponds to the torsional compliance of the spring. A torque τ
about the axis of the spring will result in a angular change: φz = C33τ . Now in the
closely coiled approximation γ ≈ r and p/r ≈ 0 so that,
C33 ≈ rφ
EIy
(37)
Further if the cross section of the spring is assumed to be circular with radius a then
Iy = pia4/4 and
kτ = 1/C33 =
pia4E
4rφ
(38)
This agrees with the classical result, see [17, §10-10] for example.
The extensional stiffness of the spring gives the extension in the direction of the
axis, given a force along the axis. This is simply the reciprocal of the entry in row 6,
column 6 of the compliance matrix. Once again the corresponding entry in the com-
pliance density c found above, doesn’t change when swept around the helix, although
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this time it is a little harder to see. The entry is,
c66 =
r4
γ2GJ
+
r2p2
4pi2γ2EIy
+
p2
4pi2γ2EA
(39)
So integrating this as above gives,
∫ +φ/2
−φ/2
c66γ dθ =
r4φ
γGJ
+
r2p2φ
4pi2γEIy
+
p2φ
4pi2γEA
(40)
Using the closely coiled spring approximation as above, the extensional stiffness be-
comes,
k =
GJ
r3φ
. (41)
For a spring with circular cross section J = 12pia
4 can be used to get the result,
k =
piGa4
2r3φ
(42)
again this agrees with classical texts, see for example [18, p. 27].
In §2 of [11] Wittrick derives expressions for torsional and extentional compliance
of a helical spring. This is done by finding an expression for the potential energy of
the spring and then taking derivatives with respect to the axial moment and force. The
expressions derived agree almost exactly with the expressions for C33 and C66 given
above. The only difference is the term p2φ/4pi2γEA which is absent from Wittrick’s
result because he ignores tension along the wire comprising the spring. Wittrick also
gives a result for the ‘interaction term’ which in our notation would be C36 = C63, this
agrees exactly with the result given in the appendix below. In making these compar-
isons it should be noted that the ‘helix angle’ α satisfies cosα = r/γ.
The results presented above can be used to investigate the effect of the closely
coiled assumption. To do this γ = r
√
1 + (p/2pir)2 can be expanded in powers of
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(p/2pir). Retaining only the first non-closely-coiled term gives,
C33 =
rφ
EIy
+ rφ
( p
2pir
)2( 1
GJ
− 1
2EIy
)
+ · · · (43)
and
C66 =
r3φ
GJ
+ rφ
( p
2pir
)2( r2
EIy
− r
2
2GJ
+
1
EA
)
+ · · · (44)
These results show that the difference between the closely coiled results and the results
which do not use this simplifying assumption grows approximately quadratically in
the small quantity (p/2pir). Hence, the closely coiled approximations are surprisingly
good.
Figure 3 shows a comparison of the closely coiled spring stiffnesses with the formu-
las given above for C33 and C66 and quadratic approximations to them. The example
used was a steel spring with Young’s modulus 0.21 × 1012 N m−2 and Poisson ratio
0.3. The spring was assumed to have a radius of 50× 10−3 m and a circular cross sec-
tion of radius 5×10−3 m, the length of the spring was taken to be 50 complete turns. It
can be seen that the quadratic approximations are extremely good up to large pitches.
4 The Compliance Matrix for Closely Coiled Springs
In this section the compliance matrix for the closely coiled spring approximation is
studied. Essentially this means that the pitch p is assumed negligible and hence γ ≈ r
the radius of the spring. The results for the elements of the compliance density can be
written as,
x11 ≈ 1
GJ
x13 ≈ 0 x22 = 1
EIz
x33 ≈ 1
EIy
u =
1
(2pir)2EA
(45)
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The compliance matrix is then given by the integral,
C =
∫ +φ/2
−φ/2
H−1cH−T r dθ (46)
The result obtained is,
C =

X1 +X2 0 0 0 0 − 2r3GJ sin φ2
0 X1 −X2 0 0 0 0
0 0 rφEIy
2r3
EIy
sin φ2 0 0
0 0 2r
3
EIy
sin φ2 X3 +X4 0 0
0 0 0 0 X3 −X4 0
− 2r3GJ sin φ2 0 0 0 0 r
4φ
GJ

(47)
where,
X1 =
rφ
2
(
r
GJ
+
1
EIz
)
(48)
X2 =
r
2
(
r
GJ
− 1
EIz
)
sinφ (49)
X3 =
rφ
2
(
r
EIy
+
1
EA
)
(50)
X4 =
r
2
(
r
EIy
+
1
EA
)
sinφ (51)
It should be noted that if the spring has an integer number of coils, that is if φ is a
multiple of 2pi, then the compliance matrix will be diagonal,
C =

d1 0 0 0 0 0
0 d1 0 0 0 0
0 0 d2 0 0 0
0 0 0 d3 0 0
0 0 0 0 d3 0
0 0 0 0 0 d4

(52)
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where d1 = nrpi
(
r
GJ +
1
EIz
)
, d2 = 2nrpiEIy , d3 = nrpi
(
r
EIy
+ 1EA
)
, d4 = 2nr
4pi
GJ , and
n is the number of coils.
For this diagonal compliance matrix it is very easy to work out the eigen-compliances
and principal axes. The principal wrenches of the compliance matrix lie along the co-
ordinate axes and pass through the origin
W+x =

√
d3
0
0
+
√
d1
0
0

, W+y =

0
√
d3
0
0
+
√
d1
0

, W+z =

0
0
√
d4
0
0
+
√
d2

, (53)
W−x =

√
d3
0
0
−√d1
0
0

, W−y =

0
√
d3
0
0
−√d1
0

, W−z =

0
0
√
d4
0
0
−√d2

(54)
The pitches of these wrenches are simply,
pi±x = pi
±
y = ±2
√
d3
d1
, pi±z = ±2
√
d4
d2
(55)
The corresponding eigen-compliances are,
λ±x = λ
±
y = ±
√
d1d3, λ
±
z = ±
√
d2d4 (56)
It should be noted that the principal wrenches occur in positive and negative pairs,
that is they have the same axes but opposite pitches and eigen-compliances. More-
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over, two of the pairs of principal wrenches have exactly the same pitches and eigen-
compliances. When the number of coils in the spring is not an integer it may be ex-
pected that these symmetries will be broken.
However, even in the case that the number of coils in the spring is not an integer,
the compliance matrix has a high degree of symmetry. From the form of the compli-
ance matrix a number of discrete symmetries can be seen. There are two reflection
symmetries, one in the xy-plane and one in the yz-plane, these can be represented by
diagonal 6× 6 matrices as follows,
Fxy =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1

, Fyz =

−1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1

(57)
The action of these symmetries on the compliance matrix is given by,
C = FTxyCFxy, C = F
T
yzCFyz (58)
where of course FT = F . It should be noted that the action of these reflections on the
matrix Q0 simply reverses its sign, FTQ0F = −Q0. The existence of these symme-
tries implies that the principal wrenches occur in pairs with equal but opposite eigen-
compliances. Suppose, W is a principal wrench with eigen-compliance λ, then FTW
is also a principal wrench but with eigen-compliance −λ. This may be see from the
following,
FTCW = λFTQ0W (59)
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now since, FFT = I6 this can be written as,
FTCFFTW = λFTQ0FFTW (60)
and then from the symmetry properties,
CFTW = −λQ0FTW. (61)
It should be noted that the combination FxyFyz = FyzFxy is a rotation of pi radians
about the y-axis.
Again from the form of the compliance matrix, it is clear that one pair of principal
wrenches lies along the y-axis, their eigen-compliances are±√(X1 −X2)(X3 −X4)
and their pitches are±2
√
X3−X4
X1−X2 . Clearly when the number of coils is an integer these
principal wrenches are simply W±y , as above.
The other principal wrenches will in general be displaced from the positions found
for the case where the spring has an integer number of coils. However, from the sym-
metries it can be seen that the axes of these principal wrenches will all pass through the
origin and will lie in the xz-plane.
4.1 Eigen-Compliances for the Coiled Spring
In the previous section the principal wrenches and eigen-compliances were studied for
the closely coiled approximation to the compliance matrix. In this section the compli-
ance matrix for the helical spring are studied without using the closely coiled approxi-
mation.
First note that the two reflection symmetries that were found for the closely coiled
spring are no longer symmetries of the system. Indeed the two reflections change a
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left-handed helix into a right-handed one and vice versa. Hence, different compliance
matrices can be expected for left-handed and right-handed springs. These will be dis-
tinguished by the sign of the pitch p. However, one symmetry does persist, the rotation
of pi about the y-axis. This rotation is represented by a rigid transformation matrix,
H =

−1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 0 0 0 −1

(62)
The compliance matrix C, will satisfy the relation C = HCH since, H = H−1 =
HT . This imposes some restrictions on the matrix entries of C, in fact it implies that
some of the entries must vanish. It is straightforward to show that the compliance
matrix obeying this rotational symmetry must have the general form,
C =

C11 0 C13 C14 0 C16
0 C22 0 0 C25 0
C13 0 C33 C34 0 C36
C14 0 C34 C44 0 C46
0 C25 0 0 C55 0
C16 0 C36 C46 0 C66

(63)
See the appendix, for formulas for the non-zero elements.
From the above it is possible to say something about the principal wrenches. There
will be a pair of principal wrenches aligned with the y-axis, their pitches will be equal
but opposite, ±2√C55/C22 and their corresponding eigen-compliances will be C25 ±
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√
C22C55. In these coordinates these principal wrenches can be written,
W+y =

0
√
C55
0
0
+
√
C22
0

, W−y =

0
√
C55
0
0
−√C22
0

(64)
The axes for the other principal wrenches will all lie in planes parallel to the xz-
plane and will meet the y-axis. This can be seen by considering the requirement that
different principal wrenches must be reciprocal. That is, any other principal wrenchW
must satisfy, WTQ0W+y =WTQ0W−y = 0.
As a numerical example consider the springs used in figure 3,if the pitch is taken
as 0.02 m, then the compliance matrix can be evaluated,
C =

0.18 0 0 −36 10−6 0 0
0 0.18 0 0 −11 10−3 0
0 0 0.15 −9.4 10−6 0 0.15 10−3
−36 10−6 0 −9.2 10−6 18 10−3 0 −32 10−6
0 −0.11 10−3 0 0 18. 10−3 0
0 0 0.15 10−3 −32 10−6 0 0.5 10−3

(65)
The units here are SI units as given in section 2.2.
The eigen-compliances of this matrix are simple to compute,
λ = −0.0570, 0.0568, −0.0569, 0.0569 − 0.0086, 0.0089, (66)
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The corresponding principal wrenches are,
0.0000
−0.3242
0.0000
0.0000
1.0000
0.0000

,

0.0000
0.3242
0.0000
0.0000
1.0000
0.0000

, (67)
corresponding to the first pair of eigen-compliances. These are the expected principal
wrenches along the y-axis. The units are as given in section 1.1.
Corresponding to the second pair of eigen-compliances are the two principal wrenches,
−0.3242
0.0000
0.0006
1.0000
0.0000
−0.0013

,

0.3242
0.0000
−0.0006
1.0000
0.0000
−0.0013

. (68)
The axes of both these principal wrenches are almost aligned with the x-axis. As
predicted they lie in planes parallel to the xy-plane, in fact the axes are very close to
passing through the origin. The last pair of principal wrenches are,
−0.0001
0.0000
−0.0569
0.0017
0.0000
1.0000

,

0.0001
0.0000
0.0569
0.0018
0.0000
1.0000

. (69)
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This time the axes are very close to the z-axis. As expected there are three positive and
three negative eigen-compliances. Also the pitch of each principal wrenches has the
same sign as its corresponding eigen-compliance.
It is possible to plot graphs of the eigen-compliances against the pitch of the spring
or against the total length of the spring. In figure 4 the eigen-compliances are plotted
against the length of the spring. The length of the spring is expressed as an angle giving
the number of turn in the helix. Figure 5 shows the variation in the eigen-compliances
against the pitch of the spring. Each graph shows a pair of eigen-compliances, each pair
is almost symmetrical about the horizontal axis. In both figures the values for the eigen-
compliances close to the x-axis and those close to the y-axis are similar in magnitude
but those near the z-axis are an order of magnitude smaller. As one might expect the
compliance of the spring increases with increasing length and with increasing pitch of
the spring.
5 Conclusions
In this work the compliance matrix for a helical spring has been extensively studied.
The only assumptions made were the usual assumptions of standard Euler-Bernoulli
beam theory. Using some group theory it was possible to compute the compliance
matrix reasonably simply; certainly more simply than in standard texts. It was possible
to complete the computations without having to make the usual closely coiled spring
approximation. Nevertheless, it has been shown how the results found can be reduced
to the standard ones by reintroducing the closely coiled approximation.
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Euler-Bernoulli beam theory was introduced something like two centuries ago and
since this time it was been widely used. The closely coiled assumption for helical
springs is introduced in standard texts to make computations easier. Hence, it should
be expected that the work presented here has the same range of validity as standard
Euler-Bernoulli theory, that is to small deflections in beams made of standard materials
such as steel. However, better agreement with experiment than the closely coiled results
should be expected.
In section 3.2 explicit comparisons were made between the results derived here and
those given in standard texts which include the closely coiled assumption. The compar-
isons were between certain matrix elements of the compliance matrix. A better form
of comparison might be between eigen-compliances in either case. This is because the
eigen-compliances are invariants of the compliance matrix and hence should be easier
to measure in practice. Implicit in most standard texts is the idea that a force (or torque)
along the axis of the spring produces only a translation (respectively a twist) about that
axis. Even with the closely coiled assumption this is not true.
The methods used in this work could be extended to other beams with different un-
bent shapes and even with cross sections that change along the length of the beam. The
helical spring is an important theoretical example, for more prosaic example one would
probably want more than the small deflection properties. To cope with larger deflec-
tions Euler-Bernoulli theory must be extended. This was achieved around the turn of
the 20th century and is usually known as Cosserat theory, see [19]. The screw descrip-
tion of Euler-Bernoulli theory given here can also be extended to describe the Cosserat
theory. The main assumption here is that the state of the beam can be described by a
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sequence of rigid transformations. In other words that the shape of the cross section
doesn’t alter. For even larger deflections or more exotic materials one must resort to
the full theory of elasticity. However even this, much used theory, might benefit from
a group theory description. The relevant group is no longer the group of rigid motions
but probably the affine group.
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Appendix—Compliance Matrix Elements
In this appendix the non-zero elements of the compliance matrix are recorded. Here C
is the compliance matrix for a helical spring of pitch p. The quantities γ, xij and u are
as defined in section 3.1. The angle φ effectively specifies the length of the spring, that
is it gives the number of turns in the spring.
C11 =
γφ
2
(x11 + x22) +
γ
2
sinφ(x11 − x22)
C13 = 2γx13 sin
φ
2
C22 =
γφ
2
(x11 + x22)− γ2 sinφ(x11 − x22)
35
C33 = γφx33
C14 =
γr
2
(φ+ sinφ)x13 − pγ8pi (sinφ− φ cosφ)(x11 − x22)
C16 = −2γrx11 sin φ2
C25 =
γr
2
(φ− sinφ)x13 + pγ8pi (sinφ− φ cosφ)(x11 − x22)
C34 = 2rγx33 sin
φ
2
− pγ
2pi
x13(2 sin
φ
2
− φ cos φ
2
)
C36 = −rγφx13
C44 =
γ
4
(rx33 + 4pi2r2u)(2φ+ sinφ)− γpr
pi
(sinφ− φ cosφ) + γp
2
96pi
φ3(x11 + x22)−
γp2
16pi
(
φ− 1
2
sinφ+ φ cosφ
)
(x11 − x22)
C46 =
γpr
pi
(sin
φ
2
− φ
2
cos
φ
2
)x11 − 2γ sin φ2 (r
2x13 + 2pipru)
C55 =
γ
2
(φ− sinφ)(rx33 + 4pi2r2u) + γpr
pi
(sinφ− φ cosφ)x13 + γp
2
96pi
φ3(x11 + x22) +
γp2
16pi
(
φ− 1
2
sinφ+ φ cosφ
)
(x11 − x22)
C66 = γφ(r2x11 + p2u)
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Figure Captions
1. A Small Element in the Beam
2. The Helical Spring
3. Graphs of stiffness against the pitch of the spring. In both cases the horizontal
line gives the classical result, the lower curve is the result predicted by the theory
and the upper curve is the quadratic approximation as given in the text. The
material properties are those of steel as given in the text.
4. Graphs of eigen-compliances against the length of the spring (expressed as an
angle). The material properties are those of steel as given in the text, with pitch
0.02 m.
5. Graphs of eigen-compliances against pitch. Again the material properties are
those of steel as given in the text but with a spring of length 50 turns.
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Symbols
SE(3) The group of proper Euclidean motions in 3 dimensions, that is rigid body
motions.
I3 The 3× 3 identity matrix.
R A 3× 3 rotation matrix.
T A 3 × 3 anti-symmetric matrix representing a translation, so that Tx = t × x for
any vector x.
H A 6× 6 matrix representing a rigid transformation, an element of the adjoint repre-
sentation of SE(3).
s A twist or screw, an element of the Lie algebra se(3).
W 6 × 1 vector representing a wrench, that is an element of the vector space dual to
the Lie algebra se(3).
K 6× 6 stiffness matrix.
C 6× 6 compliance matrix.
E Young’s modulus.
G The shear modulus.
A The cross sectional area of a beam.
J The polar moment of area.
Ix The second moment of area about the x-axis.
